
Rouse Dynamics of a Dendrimer Model in the Θ Condition

Chengzhen Cai and Zheng Yu Chen*

Department of Physics, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1

Received January 15, 1997; Revised Manuscript Received June 11, 1997X

ABSTRACT: We studied the dependence of the dynamic properties on the generation G of a star-burst
dendrimer model. The Rouse approximation for the mobility matrix was used for simplicity. We
categorized all normal-mode displacements and considered various time-dependent correlation functions
and the intrinsic viscosity. We determined three different time scales corresponding to (1) the diffusion
of the center of mass through a distance equal to the dendrimer size, (2) the relaxation of the position of
the center of mass relative to the central core monomer, and (3) the rotational and internal elastic motions
of the molecule. These relaxation times depend differently on the generation G for large G: the first
time is approximately τD ) 6G2Gú/k, the second time is approximately τs ) 5.8ú/k, and the third time is
approximately τr ) τe ) 2G+1ú/k, where ú is the friction coefficient for a single monomer and k ) 3kBT/a2
with kB being the Boltzmann constant, T the temperature, and a the average distance between the
monomers. A linear dependence of the intrinsic viscosity on the generation was also found. These findings
form the basis for further generalization of the theory to include hydrodynamic and excluded-volume
interactions in order to model the actual systems more realistically.

I. Introduction

Star-burst dendrimers represent a unique class of
branched polymers.1-11 As the generation increases, the
external free ends of the previous generation are further
branched to produce an exponentially increasing num-
ber of new monomers. In Figure 1, we have sketched a
three generation (G ) 3 ) star-burst dendrimer, where,
in practice, the circles represent monomer segments
such as benzyl ether linkages in polyether dendri-
mers4-6,10 or amido amine monomers in PAMAM den-
drimers.2,3 Molecular radii of the star-burst polymers
were indirectly determined through the measurement
of the intrinsic viscosity by several groups, although
light or X-ray scattering techniques would be more
direct in probing the structures. Polyether star-burst
molecules containing more rigid spacers, and PAMAM
star-burst molecules containing more flexible spacers,
were relatively well characterized for a number of total
generations.2,3,10

There have been a considerable number of theoretical
studies on the statistical properties of star-burst
dendrimers.12-20 Basically, these studies have concen-
trated on the determination of the radius of gyration
as a function of the dendrimer generation G, and the
density profile as a function of the distance to the center
of the molecule. Although there exist a number of
experimental studies of the dynamic properties of these
molecules,2,3,10,21,22 little work has been done to model
the dynamics theoretically, with the exception of recent
studies by Mansfield and Klushin,15 Murat and Grest,19
and La Ferla.23 An important feature of the dynamics
of the star-burst dendrimers is the existence of a
maximum in the intrinsic viscosity curve as the genera-
tion increases. Mansfield and Klushin attempted to
explain such a maximum by using a kinetic numerical
approach that yielded upper and lower bounds for the
intrinsic viscosity.15 The molecular dynamics simula-
tions by Murat and Grest could, in principle, provide
important insight into how monomers in different
generations relax, a subject of interest to us in this
paper. However, due to limitations in computer capac-
ity, the simulations were not carried out long enough

to observe the relaxation behavior. It is desirable to
treat the dynamics of dendrimers by using a more
rigorous approach at a microscopic level. In a recent
paper, La Ferla studied the Zimm dynamics including
the hydrodynamic interaction of a dendrimer model
using a numerical diagonalization procedure. We present
in this paper a preliminary step to treat the dynamics
of dendrimers; i.e., we will analytically characterize
normal-mode displacements of a simple dendrimer
model that obeys the Rouse dynamics and has no
excluded-volume interaction between the monomers. In
reality, however, the excluded volume interactions are
always important for dense molecules like dendrimers.
In this regard, the definition of the Θ condition for real
demdrimers becomes questionable. In this work, Gauss-
ian statistics is used to describe the monomer connec-
tions, and this would imply the Θ condition in other
dilute systems (e.g., linear polymers).
The theoretical treatment of the dynamics of branched

polymers, especially star polymers, was first considered
by Zimm and Kilb in 1959.24 In their paper, theyX Abstract published in Advance ACS Abstracts, August 1, 1997.

Figure 1. Sketch of the star-burst dendrimer considered in
this paper. All monomers are assumed to be connected by
springs with a spring constant k. The molecule represented
here contains three generations G ) 3. Note the definition of
generation varies in the literature. For example, the molecule
sketched here would be a G ) 2 molecule according to the
definition in refs 18 and 19.

5104 Macromolecules 1997, 30, 5104-5117

S0024-9297(97)00059-4 CCC: $14.00 © 1997 American Chemical Society



carried out the direct calculation of the intrinsic viscos-
ity for certain branched chains. Rouse’s normal coor-
dinate method was applied and the hydrodynamic
interaction was considered by the usual preaveraging
approximation. Branched chains with both equal and
different arm lengths were discussed. More recently,
Ganazzoli et al. used equilibrium normal modes to
calculate the intrinsic viscosity and relaxation times of
star polymers.25 They applied numerical calculations
to find the eigenvalues of the force matrices under
various conditions: phantom chains and chains in good
solvents. They presented numerical and analytical
results for the mean-square radius of gyration, the
hydrodynamic radius, and the intrinsic viscosity.
The model dendrimer considered here consists of

G-generation phantom monomers. The binding poten-
tial energy between the two monomers in adjacent
generations is modeled by a Gaussian potential. No
additional spacer monomers between the two genera-
tions are considered, although our method can be
extended to include this more general case. The den-
drimer molecule considered here consists of N + 1
monomers where

is the number of bonds in the molecule. We used the
approach of direct diagonalization of the force matrix,
from which we were able to identify the various normal-
mode displacements. From the derived eigenvalues, we
determined the most important relaxation times for
various time-dependent correlation functions character-
izing different relaxation mechanisms of the molecule.
At this level of approximation, the dynamics of den-
drimers shows significant differences from that of the
linear polymers. We compare three different time
scales. The first is related to the rotational diffusion of
the molecule and the elastic properties of the molecule;
the second is related to the overall diffusion of the
molecule (in the case of dendrimer, it is curiously
different from the previous time); the third, almost a
G-independent constant, is associated with the rotation
of the position vector of the center of mass relative to
the central core monomer. We have further used a sum
rule in polynomial algebra to obtain an exact expression
for the intrinsic viscosity. The linear dependence on the
generation of the intrinsic viscosity found in this work
is also different from the linear dependence on the
number of monomers of the intrinsic viscosity of linear
or star polymers in the Rouse approximation.
Our study presented in this paper forms the basis for

further understanding of the dynamics of the star-burst
dendrimers. Further improvements of the theory could
include a generalization of the force matrix to account
for the Zimm mobility matrix to model the hydrody-
namic interaction more realistically.23 We could also
include excluded-volume effects by making the conven-
tional preaveraging approximation of the effective force
matrix26 for non-Gaussian dendrimers, although the
procedure only gives an estimate for the upper bound
of the viscosity.15 The difficulty here is to obtain a
thorough understanding of the conformational proper-
ties used in the analytical treatment of the dynamics.
A satisfactory theory for this has not yet been developed.
Explaining the maximum in the viscosity curve and the
NMR relaxation times21,22 will become possible only
when these additional interactions are considered.
Since dendrimers are densely packed molecules, en-

tanglement effects could also play a major role in the
dynamics.
This paper is organized as follows: in the next section,

we define the model and discuss the eigenvalue problem
of the force matrix. Interested readers may refer to
Appendices A and B for more detailed mathematical
derivations. In section III, we define the autocorrelation
functions and determine the dominating relaxation
times and initial decay rates associated with them. A
sum rule that will be used for the calculation of the
intrinsic viscosity in section IV is included in Appendix
C.

II. Rouse Dynamics and Normal-Mode
Characterization

II.1. Basic Model. We consider here the long-time
physical behavior of the N + 1 monomers moving in a
heat bath at a temperature T. The Langevin equation
describes the microscopic balance of the frictional force,
interactions between monomers, and the stochastic
random force due to collisions with the solvent mol-
ecules. We may then write

where ri is the positional vector of the ith monomer, ú is
the coefficient of friction that a monomer experiences
in the solvent, fi is the random force acting on the ith
monomer, and U(ri) is the interaction potential energy
between the monomers. In general, we assume that the
monomers are linked through a Gaussian potential so
that neighboring monomers interact through a potential
1/2k(∆r)2, where ∆r is the distance vector between the
two connected monomers, and k ) 3kBT/a2 is the
effective force constant with a being the average dis-
tance between the monomers and kB the Boltzmann
constant.
We introduce a column vector, R, for the (N + 1)-

positional variables of the N + 1 monomers,

and an (N + 1) × (N + 1) force matrix A such that

where T denotes the transpose of a matrix and RT is a
row vector. Similarly, we write

for the random forces. Under the current notation, the
Langevin equations for the N + 1 monomers can be
rewritten as

For the Gaussian potential considered,A is a symmetric,
constant matrix that is independent of the coordinate
R. The question then becomes to solve the linear
equations by finding the normal modes through diago-
nalization of the force matrix A. In general, we need

N) 3(2G - 1) (1.1) ú ∂
∂t
ri(t) ) -∇riU + fi(t) i ) 0, 1, ..., N (2.1)

R ) (r0, r1, ..., rN)
T (2.2)

U ) k
2
RTAR

F ) (f0, f1, ..., fN)
T (2.3)

ú ∂
∂t
R(t) ) -kAR + F(t) (2.4)
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to find N + 1 eigenvalues λ and the corresponding
eigenvectors V.
The diagonalization of the force matrix for a star

polymer was carried out in Zimm and Kilb’s classical
work by using the continuum approximation.24 The
method cannot be directly adopted for the present case,
since the errors associated with the transformation from
finite differences to derivatives are not small in the
present case. La Ferla has used a numerical scheme
to diagonalize the force matrix for the dendrimer
model.23 In our case, however, it is possible to obtain
exact results by applying a discrete mathematical
method, which does not cause much difficulty, as shown
in this paper. Our method also has the advantage of
displaying a more clear physical picture for the various
normal modes found below.
II.2. Normal Modes for the G ) 1 and G ) 2

Molecules. In the following, we shall examine the
simple cases of the G ) 1 and G ) 2 dendrimers before
discussing the normal modes for the more general case.
The simple physical picture stemming from these two
special cases will be instructive for studying the general
case.
For the G ) 1 case, we label the central monomer i )

0 and the rest i ) 1, 2, 3, as shown in Figure 2. The
force matrix then becomes

The characteristic equation det(A - λE) ) 0, where E
is a unit matrix, can be simplified into an algebraic
equation

which has four roots

The eigenvector corresponding to the eigenvalue λ0 ) 0
describes pure translational motion of the molecule

without relative motion of the monomers and can be
written as

where the semicolon separates the displacements of the
monomers belonging to different generations. The
displacements of monomers are illustrated in Figure 2A.
Since each entry in the vector of form of eq (2.8)
represents a three-dimensional positional vector that a
particular monomer may have, Figure 2A corresponds
to just one of the three possible ways of choosing a
normal mode displacement in three-dimensional space.
The eigenvector corresponding to λ1 ) 4 describes the
collective motion of the first-generation monomers
against the central-core monomer

Figure 2B demonstrates this type of displacement. The
eigenvectors associated with the double root λ2,3 ) 1
correspond to the displacement of the three outer
monomers when the central monomer is fixed. It is
physically convenient to choose, for example, the two
linearly independent vectors

and

as the basis for these modes, as illustrated by Figure
2C,D. However, these two vectors are not orthogonal.
Another choice would be to use, for example, V2 and V3′
) (1/x6)(0;2,-1,-1)T as the orthonormal eigenvectors,
by applying the Gram-Schmidt process to the vectors
V2 and V3. Any displacement of the four monomers can
be described as a linear combination of these four
eigenvectors.
The G ) 2 case represents yet another simple but

interesting example. We have labeled the monomers
as shown in Figure 3. The force matrix has the
following nonzero elements:

The characteristic equation det(A - λE) ) 0 leads to

Figure 2. Displacements of the monomers in each normal
mode for a G ) 1 dendrimer. Projection along a particular
direction is used for the demonstration. For each normal mode
in three-dimensional space, there are two more independent
directions along which the normal mode displacements can be
projected onto.

A ) (3 -1 -1 -1
-1 1 0 0
-1 0 1 0
-1 0 0 1

) (2.5)

λ(1 - λ)2(4 - λ) ) 0 (2.6)

λ0 ) 0, λ1 ) 4, λ2,3 ) 1 (2.7)

V0 ) 1
2
(1;1,1,1)T (2.8)

V1 ) 1

2x3
(3;-1,-1,-1)T (2.9)

V2 ) 1
x2

(0;1,-1,0)T (2.10)

V3 ) 1
x2

(0;0,1,-1)T (2.11)

Ai,i ) 3 i ) 0-3 (2.12)

Ai,i ) 1 i ) 4-9 (2.13)

A0,i ) Ai,0 ) -1 i ) 1-3 (2.14)

A1,4 ) A1,5 ) A2,6 ) A2,7 ) A3,8 ) A3,9 ) A4,1 ) A5,1 )
A6,2 ) A7,2 ) A8,3 ) A9,3 ) -1 (2.15)

λ(λ2 - 7λ + 10)(λ2 - 4λ + 1)2(1 - λ)3 ) 0 (2.16)
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The ten eigenvalues are

Again, we use the sketch in Figure 3 to describe the
normal-mode displacements associated with these modes.
The eigenvector corresponding to λ0 ) 0 represents the
overall translational motion (Figure 3A),

The eigenvectors associated with the eigenvalues λ1 and
λ2 represent the two different modes in which the
monomers in the same generation move together (Fig-
ure 3B):

and

The triple root λ7,8,9 ) 1 can be physically described by
using the eigenvectors (Figure 3C)

and

These modes describe the three independent relative
displacements of two connected outer monomers as
pairs. The double-roots λ3 and λ5 describe the two
modes of relative displacement of the two branches, in
which the monomers of the two branches move op-
positely while the monomers of the same generation
move with the same magnitude (first two sketches in
Figure 3D). Note the displacement of the central
monomer is always zero and that one branch is left
stationary for these two eigenvectors:

and

Figure 3. Displacements of the monomers in each normal mode for a G ) 2 dendrimer. Projection along a particular direction
is used for the demonstration. For each normal mode in three-dimensional space, there are two more independent directions
along which the normal mode displacement can be projected onto.

λ0 ) 0 (2.17)

λ1 ) 2 (2.18)

λ2 ) 5 (2.19)

λ3 ) λ4 ) 2 - x3 (2.20)

λ5 ) λ6 ) 2 + x3 (2.21)

λ7 ) λ8 ) λ9 ) 1 (2.22)

V0 ) 1
x10

(1;1,1,1;1,1,1,1,1,1)T (2.23)

V1 ) 1

3x2
(3;1,1,1;-1,-1,-1,-1,-1,-1)T (2.24)

V2 ) 1

3x10
(6;-4,-4,-4;1,1,1,1,1,1)T (2.25)

V7 ) 1
x2

(0;0,0,0;1,-1,0,0,0,0)T (2.26)

V8 ) 1
x2

(0;0,0,0;0,0,1,-1,0,0)T (2.27)

V9 ) 1
x2

(0;0,0,0;0,0,0,0,1,-1)T (2.28)

V3 ) 1

x12 + 4x3
(0;-x3-1,0,x3+1;1,1,0,0,-1,-1)T

(2.29)

V5 ) 1

x12 - 4x3
(0;x3-1,0,1,-x3;1,1,0,0,-1,-1)T

(2.30)
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Another set of the double roots λ4 and λ6 describes the
same physical picture but involves the motion of the
other two branches:

and

See Figure 3D for a more direct description.
To summarize, the normal modes of a dendrimer can

be categorized according to the behaviors of the collec-
tive displacements of the monomers. There are two
basic types. The first type corresponds to the situation
in which all the monomers of the same generation move
together. Examples are the V0, V1 modes for G ) 1 and
V0, V1, V2 modes for G ) 2. The second type corre-
sponds to the relative displacements of branches that
are grafted to a common monomer. Specifically, in the
G ) 2 case, there are three independent modes corre-
sponding to the relative motion of the outer monomers,
and four independent modes corresponding to the rela-
tive displacements of the two centrally connected
branches as a whole.
II.3. General Case. The physical picture that was

developed in the previous section can be generalized to
an arbitrary case for any G. We shall label the
monomers in the same way. The central monomer is
labeled as 0, the first-generation monomers as 1-3, the
second-generation monomers as 4-9, and so on. Note
that the nth monomer is always connected to the (2n +
2)th and (2n + 3)th monomers in the next generation.
The elements in the force matrix can then be deter-
mined. We have

and

where

is the number of all branched monomers except the
central core. All unspecified elements equal to zero.
Using basic linear algebra, we can analytically solve

the eigenvalue problem associated with this matrix and
thus identify the normal modes. Detailed calculations
can be found in Appendix A. As further shown in
Appendix B, the eigenvectors can be categorized into
two groups similar to those of the simple cases that were
discussed earlier. There are G + 1 orthogonal eigen-
vectors in the first group with each vector corresponding
to a nondegenerate eigenvalue. The first eigenvalue is

the trivial solution corresponding to the translation of
the whole molecule and is expressed as

The corresponding eigenvector can be written as V0 )
(1/xN+1)(1;1,1,1;...,1)T. The next G eigenvalues can
be determined by solving an implicit equation

where ø is a simple function of λ,

for the G roots ø1 < ... < øG corresponding to λ1 < ... <
λG in (3 - 2x2, 3 + 2x2). The numerical solutions for
these eigenvalues are given in Table 1. For large G,
the smallest root among these becomes very close to 3
- 2x2 and can be shown to have the asymptotic
behavior

Figure 4 shows the corresponding displacements of the
monomers as a function of the generation g for this
mode, where the monomers in the same generation have
the identical displacement. As previously shown, the
λ0,1 modes forG ) 1 and the λ0,1,2 modes forG ) 2 belong
to this category.
All the eigenvectors corresponding to λ0, λ1, ..., λG can

be characterized by the general picture that monomers
in the same generation have the same normal mode
displacement. This is effectively equivalent to an
abstract toy model in which G + 1 particles are
connected by springs, where the spring constants are
arranged increasingly 3, 6, 12, ..., 3‚2G-1. Generally,
we can show that the eigenvector for the ith normal
mode can be written as (see Appendix B)

where

and Ci is a normalization constant.
The second group of eigienvectors corresponds to the

relative motions of monomers in two particular branches
that branch from a common monomer. There are G
subgroups within this group, all with a stationary,
initially-branched monomer. The first subgroup in-
volves the relative displacements of any two connected

V4 ) 1

x12 + 4x3
(0;0,-x3-1,x3+1;0,0,1,1,-1,-1)T

(2.31)

V6 ) 1

x12 - 4x3
(0;0,x3-1,1-x3;0,0,1,1,-1,-1)T

(2.32)

Ai,i ) 3 i ) 0, 1, 2, ...,M (2.33)

Ai,i ) 1 i ) M + 1,M + 2, ..., N (2.34)

Ai,2i+2 ) A2i+2,i ) Ai,2i+3 ) A2i+3,i ) -1
i ) 0, 1, ...,M (2.35)

A1,0 ) A0,1 ) -1 (2.36)

M ) 3‚2G-1 - 3 (2.37)

Table 1. Numerical Solutions for the Nondegenerate
Eigenvalues Belonging to the First Group

G ) 1 G ) 2 G ) 3 G ) 4 G ) 5 G ) 6

0 0 0 0 0 0
4 2 1.186 386 0.808 836 0.606903 0.487 174

5 3.470 682 2.423 297 1.774 977 1.361 785
5.342 928 4.264 369 3.306 089 2.595 453

5.503 505 4.718 960 3.906 815
5.593 056 5.000 029

5.648 759

λ0 ) 0 (2.38)

2[sin(G + 2)ø - x2 sin(G + 1)ø] )
sin(Gø) - x2 sin(G - 1)ø (2.39)

ø ) arccos 3 - λ

2x2
0 < ø < π (2.40)

λ1 ≈ 3 - 2x2 cos(π/G) (2.41)

Vi ) Ci(v0i;v1i,v1i,v1i,...;vgi,...vgi;...)
T i ) 1, ..., G

(2.42)

vgi ) 2-g/2{2 sin(g + 1)øi - sin(g - 1)øi}
g ) 0, 1, ..., G (2.43)
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outer monomers. There are in total 3‚2G-2 pairs of this
type of monomer and they all correspond to a degenerate
eigenvalue with value 1. Thus we can write 3‚2G-2

eigenvalues: λN ) λN-1 ) ... ) λN-3‚2G-2+1 ) 1. The
second subgroup involves the relative displacement of
the two connected branches, with each branch contain-
ing the two connected end monomers and the monomer
next to them. See, for example, the branch containing
the monomers 2, 6, and 7 and the branch containing
monomers 3, 8, and 9 in Figure 3D. The outer mono-
mers belonging to the same branch, such as monomers
8 and 9 in Figure 3D, have the same displacement, while
the outer monomers belonging to different branches,
such as monomers 6 and 7 have displacements of the
same magnitude but in opposite directions. The two
connected monomers, such as monomers 2 and 3 also
displace in opposite directions, but the magnitude is
different from that of the ends. For G > 2, there are in
total 3‚2G-3 pairs of branches like this, and each pair
gives rise to two distinct eigenvalues 2 - x3, 2 + x3.
Thus we can write the next 2‚3‚2G-3 eigenvalues for the
dendrimer:

In general, the gth (g < G ) subgroup involves 3‚2G-g-1

pairs of branches and g distinct eigenvalues, each of
which is 3‚2G-g-1-fold degenerate. Finally, the last
subgroup, the Gth subgroup, involves any two of the
three main branches coming out from the central
monomer. However, in this case there are only two
independent types of displacements and the degeneracy
is only 2-fold. For each subgroup with g generations in
a branch, the normal mode displacement is effectively
equivalent to a toy model of connecting g + 1 monomers
with spring constants 2, 4, ..., 2g and with the first
monomer fixed in space. Table 2 gives a list of eigen-
values and the corresponding degeneracies for the
second group.
The most significant contributions to various physical

quantities come from the smallest eigenvalues, which
are composed of the smallest non-zero eigenvalue of the
first group, and the smallest eigenvalues of the sub-
groups of the second group. For the gth subgroup
within the second group, we can show that the smallest

eigenvalue can be obtained by solving an implicit
equation (Appendix A)

where

The asymptotic solution to eq 2.46 for large g is

Although we have formally identified asymptotic be-
havior for asymptotically large g and G in eqs 2.41 and
2.48, in practice, the largest attainable generation is
about 7 because of the packing constraint for the
PAMAM dendrimers. The next eigenvalue of the gth
subgroup is substantially larger (greater than 3
- 2x2) than the one given by eq 2.48. Still, it might be
smaller than the eigenvalue λ1 from the first group.
These asymptotic values can be used as an initial
approximation in searching for a more accurate value
numerically. We see that the smallest eigenvalue of the
Gth subgroup is smaller than any of the other λi’s,
except for λ0 ) 0. This eigenvalue is approximately
2-(G+1) as given by eq 2.48 and corresponds to an
increasing displacement pattern for G g 3, as shown in
Figure 5, where the central core monomer is fixed in
space and its two branches move oppositely while the
other branch is left stationary.
Our conclusions on the degeneracies of the smallest

eigenvalues belonging to the second group agree with
the recent numerical results of La Ferla who examined
the dendrimer dynamics including the preaveraged
hydrodynamic interaction in the absence of the excluded
volume interaction. In that case, the eigenvalues were
determined by solving the eigenvalue problem det(HA
- λE) ) 0 numerically. For the G ) 6 dendrimer (D5
dendrimer in ref 23), the smallest eigenvalues of the
six subgroups, 8.5 × 10-3, 1.8 × 10-2, 4.03 × 10-2, 9.68
× 10-2, 2 - x3, and 1, follow the same order and have
the same degeneracy as the 6 smallest eigenvalues
found by La Ferla (see Figure 5 in ref 23). In contrast
to ref 23, where the eigenvalues corresponding to these
six eigenvalues are the smallest among all nonzero
eigenvalues, our results show that there also exist
eigenvalues (e.g., 0.753 in the sixth subgroup of Table
2 and 0.487 in Table 1) that are smaller than some of
the six eigenvalues listed above. It is not clear whether
the reversal of ordering is caused by the difference in
the microscopic model (Gaussian versus the so-called
TTR model in ref 23) or by the inclusion of the
hydrodynamic interaction.
To summarize, we have G + 1 modes from the first

group and 3‚2G - G - 3 modes from the second group,
and these account for all theN + 1 modes that we want
to identify.

III. Correlation Functions

In order to diagonalize the force matrix, we define a
transformation matrix P,

Figure 4. Displacements of the monomers corresponding to
the non-zero, nondegenerate minimum eigenvalue. The hori-
zontal axis shows the generations of the monomers (g e G and
g ) 0 represents the central core), and the vertical axis shows
the amplitudes of the displacements. Note that the monomers
in the same generation have the same displacement in this
case.

λN-3‚2G-2 ) ... ) λN-9‚2G-3+1 ) 2 + x3 (2.44)

λN-9‚2G-3 ) ... ) λN-3‚2G-1+1 ) 2 - x3 (2.45)

sinh(g + 1)ê ) x2 sinh(gê) (2.46)

ê ) ln[ 1

2x2
(3 - λ + x1 - 6λ + λ2)] ê > 0 (2.47)

λ ) 2-(g+1) (2.48)

P ) (V0, V1, ..., VN) (3.1)
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where Vi is the ith orthonormal eigenvector discussed
earlier. Then we have PTAP ) Λ, where Λ is a diagonal
matrix with the diagonal elements λ0, λ1, ..., λN. Since
P is an orthogonal matrix, we have

Applying orthogonal transformation P to the column
vectors R and F, we get

and

Then we have

Clearly, X is the normal coordinate in Hamiltonian
mechanics.28 We may re-express the Langevin equation

in terms of the normal coordinates

where xi and hi are the ith elements of X and H,
respectively. As shown in ref 27, the time-dependent
average of hi obeys the same expression for fi:

Then the correlation functions for the normal coordi-
nates can be obtained:

We are interested in a number of measures that can be
deduced on the basis of these results. First, let us
consider the diffusion motion of the center of mass of
the dendrimer. The center of mass

is related to the 0th normal mode

by

Thus

Table 2. Numerical Solutions for the Degenerate Eigenvalues Belonging to the Second Groupa

subgroups eigenvalues G ) 1 G ) 2 G ) 3 G ) 4 G ) 5 G ) 6

1st 1 2 3 6 12 24 48
2nd 2 -x3 2 3 6 12 24
2nd 2 +x3 2 3 6 12 24
3rd 9.6788339 × 10-2 2 3 6 12
3rd 2.193935 2 3 6 12
3rd 4.709270 2 3 6 12
4th 4.0306397 × 10-2 2 3 6
4th 1.419508 2 3 6
4th 3.399451 2 3 6
4th 5.140755 2 3 6
5th 1.8123779 × 10-2 2 3
5th 1.000004 2 3
5th 2.494579 2 3
5th 4.122198 2 3
5th 5.365077 2 3
6th 8.5192872 × 10-3 2
6th 0.7531580 2
6th 1.894606 2
6th 3.274115 2
6th 4.573832 2
6th 5.495712 2

a The column below a particular G shows the degeneracies of the eigenvalue to the left. An empty entry means that the corresponding
number in the second column is not an eigenvalue for that G.

Figure 5. Displacements of the monomers corresponding to
the non-zero minimum eigenvalue. The horizontal axis shows
the generations of the monomers (g e G and g ) 0 represents
the central core), and the vertical axis shows the amplitudes
of the displacements. In this case, one branch grafted to the
central core has zero displacement and the other two move
oppositely, while the monomers in the same generation have
the same amplitude of displacement.

PTP ) E (3.2)

X ) PTR (3.3)

H ) PTF (3.4)

U ) k
2
RTAR ) k

2
XTPTAPX ) k

2
XTΛX (3.5)

ú
∂xi
∂t

) -kλixi + hi (3.6)

〈hi〉 ) 0 (3.7)

〈hi(t)‚hj(t′)〉 ) 6úkBTδijδ(t-t′) (3.8)

〈(x0(t) - x0(0))
2〉 ) 6kBTt/ú (3.9)

〈xi(t)‚xj(0)〉 )
3kBT
λik

δij exp(-λikt/ú) (3.10)

RC )
1

N + 1
∑
j)0

N

rj (3.11)

x0 )
1

xN + 1
∑
j)0

N

rj (3.12)

RC ) x0/xN + 1 (3.13)

〈(RC(t) - RC(0))
2〉 )

6kBTt

(N + 1)ú
(3.14)
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which is a result typical to the Rouse model. The self-
diffusion coefficient of the center of mass is defined by

which leads to

also an expected result.
Second, we consider the correlation function of the gth

generation monomer-to-core vector which is defined by

where re represents the coordinate of an arbitrary gth
generation monomer labeled by e. We can then decom-
pose this vector into a linear sum of xj’s,

Note that for calculating the correlation function of Qg,
the 0th mode is always absent since we are dealing with
a relative coordinate system. Hence

Though this sum involves terms with various eigenval-
ues, the long time behavior is mainly dominated by the
smallest non-zero λi, which is approximately 2-(G+1).
Thus in the long time scale, we can write that

where τr is the relaxation time of vector Qg and is
approximately

for large G according to the previous discussion. Con-
sidering that the matrixP is orthogonal, we may deduce
that the initial decay rate is

Third, we consider the correlation function of a quantity
defined by

This quantity represents an average of the squared
monomer-to-center-of-mass distances, and its variation
describes the internal deformation modes of the mol-
ecule and should be important for studying, e.g., the
diffusion of the solvent molecules from the interior of

dendrimers to the exterior. Rewriting I in terms of the
normal coordinates we have simply

Therefore we can write

Thus the elastic relaxation time for radial motion of
molecules is approximately

for large G. The elastic relaxation time τe in eq (3.26)
is the same as the rotational relaxation time, which is
a general result that one would expect for a model that
does not contain the excluded-volume and hydrodynamic
interactions. When these interactions are involved, τe
should be much smaller than τr. Similarly, we can find
the initial decay rate

where the sum in the expression above is calculated in
Appendix C. Incidentally, the initial decay rate in eq
(3.27) is proportional to the intrinsic viscosity [η] to be
discussed below.
Finally, we examine the correlation function of the

center-of-mass-to-core vector defined by

We can rewrite S as

The correlation function then becomes

Using the result P0i ) 0 when i > G, we have

Thus the long time behavior of 〈S(t)‚S(0)〉 is dominated
by the term containing the smallest non-zero nonde-
generate λi, which is about 3 - 2x2 cos(π/G) and goes

D ) 1
6t

〈(RC(t) - RC(0))
2〉 (3.15)

D )
kBT

(N + 1)ú
(3.16)

Qg ) re - r0 G g g > 0 (3.17)

Qg ) ∑
j)1

N

(Pej - P0j)xj (3.18)

〈Qg(t)‚Qg(0)〉 ) ∑
i,j)1

N

(Pei - P0i)(Pej - P0j)〈xi(t)‚xj(0)〉

)
3kBT

k
∑
i)1

N (Pei - P0i)
2

λi
exp(-λikT/ú)

(3.19)

〈Qg(t)‚Qg(0)〉 ∼ exp[-kt/(2G+1ú)] ≡ exp(-t/τr) (3.20)

τr ) 2G+1ú/k (3.21)

∂〈Qg(t)‚Qg(0)〉

∂t
|
t)0

) -
3kBT

ú
∑
i)1

N

(Pei - P0i)
2 ) -6kBT/ú

(3.22)

I )
1

N + 1
∑
j)0

N

(rj - RC)
2 (3.23)

I )
1

N + 1
∑
j)1

N

xj
2 (3.24)

〈I(t)I(0)〉 - 〈I〉2 )
6

(N + 1)2
(kBTk )2∑

j)1

N 1

λj
2
exp(-

2λjkt

ú ) ∼ exp(-2t/τe)

(3.25)

τe ) 2G+1ú/k (3.26)

∂〈I(t)I(0)〉

∂t
|
t)0

) -
12kB

2T2

(N + 1)kú
∑
j)1

N

λj
-1 ≈ -12GkB

2T2/kú

(3.27)

S )
1

N + 1
∑
i)0

N

ri - r0 (3.28)

S )
1

xN + 1
x0 - r0 ) -∑

i)1

N

P0ixi (3.29)

〈S(t)‚S(0)〉 ) ∑
i,j)1

N

P0iP0j〈xi(t)‚xj(0)〉 )

3kBT

k
∑
i)1

N P0i
2

λi
exp(-λikt/ú) (3.30)

〈S(t)‚S(0)〉 )
3kBT

k
∑
i)1

G P0i
2

λi
exp(-λikt/ú) ∼ exp(-t/τs)

(3.31)
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to a constant 3 - 2x2 when G is very large, as we have
discussed earlier. Therefore, we may conclude that the
relaxation time of S is

for large G. The autocorrelation function defined in eq
(3.30) examines the relaxation of the center-of-mass-to-
core vector. As the molecule relaxes, this vector rotates
much faster than the molecule as a whole. The initial
decay rate of this correlation function is

which is, however, comparable to eq (3.22).
These time scales can be probed by using, e.g., NMR

measurements with labeling for particular monomers,
as has recently been done for the PAMAM dendrim-
ers.22,23 Since our results are for the free draining case
in the Θ condition, the predictedG dependences are only
qualitative. Inclusion of the hydrodynamic and excluded-
volume interactions are neccesary in order to compare
the relaxation time calculations with experimental
results.
In order to compare the relaxation times with those

of linear polymers, we consider a linear polymer con-
tainingNmonomers. According to the same definitions
of the various time constants as in the dendrimer case,
we may deduce

The self-diffusion coefficient of the center of mass is

The relaxation times τr and τe of the dendrimers are
proportional to 2G and thus the total number of the
monomersN. These relaxation times are much smaller
than those of the linear polymers with the same mo-
lecular weight and are much larger than those of a
linear chain with G monomers. Because of the cross
links of monomers in a dendrimer, the relaxation of the
monomer-to-core vector of any particular generation will
inevitably involve the motion of all the other monomers.
The relaxation time is then determined by the time scale
of the rotation of the center-connected branch as a
whole, which is exactly the physical meaning of the
eigenvalue 2-(G+1).
It is also worth noting that the rotational relaxation

time τr is usually compared to the diffusion time τD
defined such that, during a time τD, the center of mass
diffuses a distance approximately equal to the average
size of the molecule. The comparison makes sense for
linear polymers because within the time that a molecule
with a linear configuration takes to rotate, the molecule
moves to almost a completely new position so that the
new configuration has no correlation with the old one.
This can also be seen from an estimate of the constants
in eqs 3.34 and 3.35. For dendrimers, we have

which is about 4.5G times τr. Thus for large G, τD will
be much greater than τr. Hence, cautions must be taken
in constructing a scaling theory for dendrimers, since
one might face a nonscaled property in terms of G due
to extra bonding.
We may also compare the relaxation times with those

of f-arm-star polymers with G monomers per arm.
According to Zimm and Kilb’s work,24 the various time
constants for such star polymers are

From the discussion above, we see that the ratio of τD
to τr for star polymers is independent of the size of the
polymer, which is more similar to the linear case than
to dendrimers. In addition, the behavior of τs is also
similar to that of the linear case. Therefore, the
dynamics of star polymers seems to be more closely
related to that of linear polymers than to that of star-
burst dendrimers.

IV. Intrinsic Viscosity

Experimentally, one of the direct measurements of the
dynamics of polymers is to carry out a study of the
viscoelastic properties. Zimm and Kilb showed that the
intrinsic viscosity under a steady shear flow can be
expressed, according to our notation, as

where NA is Avogadro’s number, ηs is the viscosity of
the solvent, F is the weight per monomer,24 and a
summation of the inverse eigenvalues needs to be
considered. For linear polymers, it is conventional to
replace the summation in eq (4.1) by an integral for a
continuum approximation of the eigenvalues. Here, as
shown in Appendix C, the summation can be performed
exactly by applying the relationship between the coef-
ficients of a polynomial and its roots, although we do
not have direct information on all of the eigenvalues.
Then we have

or, for large G,

Because in the large G limit the number of monomers
per molecule is N + 1 ≈ 3‚2G, the intrinsic viscosity can
then be approximated by

We conclude that the intrinsic viscosity is approximately
proportional to the generation of the dendrimer for

τr ) τe ) 4G2ú/π2k (3.37)

τs ) G2ú/π2k (3.38)

τD ) 3G(fG + 1)ú/k ≈ 0.75fπ2τr (3.39)

[η] )
NAa

2ú

6F(N + 1)ηs
∑
j)1

N 1

λj
(4.1)

∑
j)1

N 1

λj
) 2G(3G - 5) + G + 5 +

2G(3G - 7) + 2G + 7

3‚2G - 2
(4.2)

∑
j)1

N 1

λj
≈ 3(G - 5/3)‚2G ≈ 3G‚2G (4.3)

[η] ≈ (G - 5/3)NAa
2ú/6Fηs ≈ GNAa

2ú/6Fηs (4.4)

τs ≈ (3 + 2x2)ú/k ≈ 5.8ú/k (3.32)

∂〈S(t)‚S(0)〉

∂t
|t)0 ) -

3kBT

ú
∑
i)1

N

P0i
2 )

-NkBT/(N + 1)ú ≈ -kBT/ú (3.33)

τr
(linear) ) τs

(linear) ) τe
(linear) ) ú

4k sin2(π/N)
≈ N2ú/4π2k

(3.34)

D(linear) ) kBT/Nú (3.35)

τD ≈ 〈R2〉/D ≈ Ga2(N + 1)ú/kBT ) 3G(3‚2G - 2)ú/k

(3.36)
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large-generation dendrimers. Figure 6 shows a plot of
the scaled intrinsic viscosity coefficient 6Fηs[η]/NAa2ú
versus G by full expression for the summation in eq
(4.2). The straight line represents the asymptotic
behavior in eq (4.3) for large G.
It would be inaccurate to estimate the summation in

eq (4.2) by considering just the smallest non-zero
eigenvalue, which is approximately 2-(G+1) and has
2-fold degeneracy. The result

is different from 3G‚2G by a factor of 3G/4. However, if
we now consider all of the smallest eigenvalues of the
subgroups discussed in section II, we have

which is consistent with the asymptotic behavior of eq
(4.3). Therefore, we conclude that, as an approximation,
the whole set of the smallest eigenvalues needs to be
considered in the summation of the type in eq (4.3).
Zimm and Kilb deduced an interesting relation be-

tween the mean square radius of gyration and the
summation in eq (4.1). They showed that24

This relation reflects the physical reality that, at this
level of approximation, the hydrodynamic and the
gyration radii are indistinguishable. In our case, 〈R2〉
≈ Ga2 and N + 1 ≈ 3‚2G, the right hand side of eq (4.8)
becomes approximately 3G‚2G, which directly confirms
the calculation for the summation in eq (4.3).
The major difference between the intrinsic viscosity

of a dendrimer and that of a linear polymer is the
dependence on the molecular weight or the number of
the monomers: the latter is proportional to the molecule
weight, while the former is proportional to the total
generation, and thus the logarithm of the molecular
weight. Although the maximum in the intrinsic-viscos-
ity curves cannot be explained by the current Rouse
model, the phenomenon can be understood qualitatively
by considering the physical picture of the hydrodynamic
and the excluded-volume interactions. The intrinsic
viscosity is directly related to the magnitude of the

effective contacting surface area between the dendrimer
and the solvent molecules. For a high-volume density
dendrimer, the effective surface area is mainly the area
of the outer shell, plus some interior surface areas after
the hydrodynamic screening. When G increases, the
outer surface area only marginally increases due to
packing constraints but the effective interior surface
decreases rapidly due to the hydrodynamic screening.
Consequently, the total effective surface area, and hence
[η], decreases as G increases. Traditionally, one uses
the preaverage approximation of the Oseen matrix to
model the dynamics of polymers. Mansfield and
Klushin15 and La Ferla23 have shown that such an
approximation does not yield the anticipated maximum
in [η]. Whether this is caused by the preaverage
approximation or by the Oseen approximation for the
mobility matrix (which works well for low-density
polymers) is unknown.

V. Summary

In this paper, we have investigated the Rouse dynam-
ics of the star-burst dendrimers by a direct diagonal-
ization of the force matrix through solving the charac-
teristic equation. The most important eigenvalues and
normal-mode displacements are identified and calcu-
lated. Various relaxation times associated with differ-
ent autocorrelation functions are calculated and dis-
cussed; the dependences of these time scales on molecular
weight are compared with those of the linear and
regular star polymers.
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Appendix A: Calculation of the Eigenvalues

The (N + 1) × (N + 1) force matrix A with elements
specified in eqs 2.33-2.36 can be diagonalized by
considering its eigenvalue problem. For this purpose,
we must find the N + 1 roots λ of the characteristic
equation det(A - λE) ) 0. Note that in this paper the
upper left corner of the matrix is the diagonal element
of the 0th row and 0th column corresponding to the label
for the central core. We transformed the above deter-
minant into a lower triangle determinant containing the
following diagonal elements: fG+1(λ) - fG-1(λ) for the 0th
row, the same fG(λ) for the rows starting from 1 to 3; ...;
the same fg(λ) for the rows starting from (3‚2G-g - 2) to
(3‚2G+1-g - 3); ...; and finally, the same f1(λ) for the rows
starting from 3‚2G-1 - 3 to N. There is also an overall
D(λ) factor for the determinant. The functions fg(λ) and
D(λ) can be obtained by the procedure discussed below:
First, we kept rows 3‚2G-1 - 2 to 3‚2G - 3 unchanged

so that f1(λ) ) 1 - λ as in the original determinant. Then
we repeated steps 1-3 iterating for g ) 1 to g ) G, and
for j ) 0 to j ) 3‚2G-g-1 - 1:
(1) we multiplied row 3‚2G-g - 3 - j by fg(λ), and in

the meantime, we divided an overall factor fg(λ) in front
of the determinant;
(2) we added -1 times the elements in row 2(3‚2G-g

- 2 - j) to row 3‚2G-g - 3 - j;
(3) we added -1 times the elements in row 2(3‚2G-g

- 2 - j) + 1 to row 3‚2G-g - 3 - j; and, finally, we added
-1 times the elements in row 1 to row 0.

Figure 6. Scaled internal viscosity coefficient 6Fηs[η]/NAa2ú
as a function of the generation G. The straight line represents
the asymptotic behavior, and the circles represent the exact
result from the Rouse model.

2
λmin
≈ 4‚2G (4.5)

∑
j)1

N 1

λj
≈∑

g)1

G

(3‚2G-g-1‚2g+1) ) 3G‚2G (4.6)

∑
j)1

N 1

λj
)
(N + 1)〈R2〉

a2
(4.7)
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From the above procedure, we obtained the expres-
sions for the functions fg(λ), which can be written in a
recursion relation,

Also from the procedure, we obtained an overall factor
of

Thus the determinant in question can be expressed as

Since the right hand side of eq A3 is factorized, the
question then becomes to find the roots for the fg(z) and
fG+1(z) - fG-1(z) functions. From the recursion relation
in eq A1, we can easily conclude that the function fg(z)
is a g-degree polynomial of z. Each fg(z) gives g distinct
roots zi

(g) (i ) 1, 2, ..., g), and for the determinant, these
roots are each (3‚2G-1-g)-fold degenerate [except for fG-
(z), whose roots are 2-fold degenerate for the determi-
nant].
The recursion relation can be solved by using the

auxiliary equation method.29 The fg function can then
be expressed as

or, written in terms of a polynomial,

where Cg
2j and Cg

2j+1 are binomial coefficients. Note the
expression under the square root in eq A4 is negative
for 3 - 2x2 < z < 3 + 2x2 and positive for z < 3 -
2x2 or z > 3 + 2x2. Neither z ) 3 + 2x2 nor z ) 3 -
2x2 is an eigenvalue of matrix A, so we are not
concerned about these two special points.
The roots of fg(z) account for the eigenvalues of the

gth subgroup of the second group eigenvalues mentioned
in section II. For g ) 1, we have the root

and for g ) 2, we have the roots

It will become clear in the text that we only need to
find the smallest root of each fg(z). For g > 2 we find it
convenient to define a positive parameter ê for z in the
region z < 3 - 2x2 or z > 3 + 2x2 (although later we
found that there is no root in the region of z > 3 +
2x2)

so that the equation fg(z) ) 0 becomes

which has no root if g < 3 and only one root if g g 3.
The numerical solution for the roots is listed in Table 2
for various G. For large g, we can take the asymptotic
limit of eq A4 and solve for an approximate expression
of the smallest root

which agree reasonably well with the numerical solution
for G > 3.
For g g 3, the other g - 1 roots of fg(z) are to be found

in the region 3 - 2x2 < z < 3 + 2x2 by considering a
new parameter

and solving for the roots of

These roots are much larger than the ones found above
(see Table 2).
We also need to find the roots for the equation

which is aG + 1 degree polynomial without the constant
term. According to our notation, these roots will be
labeled z0,1,2,3,...,G

(G+1) , and account for the eigenvalues of
the first group mentioned in section II. For G ) 1, we
have

and for G ) 2,

For G g 3, eq A13 can be simplified to

with the help of the definition given in eq A8. We can
show that there is only one root, ê ) 1/2 ln 2, which gives
the trivial eigenvalue z0

(G+1) ) 0. Thus, the other roots
should lie in the region 3 - 2x2 < z < 3 + 2x2. By
using the definition in eq A11, we can re-express eq A13

f1(λ) ) 1 - λ f2(λ) ) 1 - 4λ + λ2

fg+1(λ) ) (3 - λ)fg(λ) - 2fg-1(λ) g ) 3, 4, ..., G

(A1)

D(λ) ) [fG(λ)∏
g)1

G-1

fg
3‚2G-1-g(λ)]-1 (A2)

det(A - λE) ) [∏
g)1

G-1

fg
3‚2G-1-g(λ)]fG

2 (λ)[fG+1(λ) - fG-1(λ)]

(A3)

fg(z) )

1
2(1 - 1 + z

x(3 - z)2 - 8)(3 - z + x(3 - z)2 - 8
2 )

g

+

1
2(1 + 1 + z

x(3 - z)2 - 8)(3 - z - x(3 - z)2 - 8
2 )

g

(A4)

fg(z) ) (12)g[∑
j)0

[g/2]

Cg
2j(3 - z)g-2j(1 - 6z + z2)j -

(1 + z) ∑
j)0

[(g-1)/2]

Cg
2j+1(3 - z)g-2j-1(1 - 6z + z2)j] (A5)

z1
(1) ) 1 (A6)

z1
(2) ) 2 - x3 z2

(2) ) 2 + x3 (A7)

ê ) ln[ 1

2x2
(3 - z + x1 - 6z + z2)] ê > 0

(A8)

sinh[(g + 1)ê] ) x2 sinh(gê) g ) 3, 4, ..., G (A9)

z1
(g) ≈ 2-(g+1) (A10)

ø ) arccos(3 - z

2x2 ) 0 < ø < π (A11)

sin[(g + 1)ø] ) x2 sin(gø) (A12)

fG+1(z) - fG-1(z) ) 0 (A13)

z0
(G+1) ) 0 z1

(G+1) ) 4 (A14)

z0
(G+1) ) 0 z1

(G+1) ) 2 z2
(G+1) ) 5 (A15)

2[sinh(G + 2)ê - x2 sinh(G + 1)ê] )
sinh(Gê) - x2 sinh(G - 1)ê (A16)

5114 Cai and Chen Macromolecules, Vol. 30, No. 17, 1997



as

The exact numerical solution of eq A17 for non-zero
roots is listed in Table 1. For asymptotically large G,
we may obtain an approximation for the smallest roots
by realizing that ø is a small number so that

Thus we have tan Gø ) -3ø from eq A17. Since the
right hand side is practically zero, we have ø ) π/G or

When G > 2, in the region of 0 < ø < π, eq (A17) gives
exactly G roots of ø in the region 3 - 2x2 < z < 3 + 2
x2. Considering the relationship between ø and λ, we
conclude that the smallest ø gives the smallest λ in the
given regions.
From these discussions, we conclude that the smallest

non-zero eigenvalue is the one corresponding to the root
of the function fG(z). Thus we have

which results in the relaxation time, τr, in eq (3.21).
Also, we may conclude that the smallest non-zero,
nondegenerate eigenvalue comes from the root of the
equation fG+1(z) - fG-1(z) ) 0 and can be approximated
by

which results in τs in eq (3.32).

Appendix B: Calculation of the Eigenvectors
Now we would like to show that the eigenvectors can

be classified into the two groups discussed in section
II.
The eigenvectors belonging to the first group are

assumed to have the form

Substituting Vn into the equation AV ) λV, we have

Imposing boundary conditions v-1 ) v1 and vG+1 ) vG,
we write these equations in terms of a single recursion
relation

whose solution is

where D1 and D2 are constants to be determined. The
boundary conditions v-1 ) v1 and vG+1 ) vG determine
the ratio D1/D2, while their exact values depend on the
normalization constant Cn. Thus we can write vg as vg
≡ 1 for λ ) 0 and

where ø ) arccos(3 - λ)/2x2 for the other λ’s.
The eigenvectors of the second group can be found

similarly. First, we choose two branches connected to
a common (G - g)th generation monomer and then
assume that all the monomers of the (G - g + i)th
generation in one of the chosen branches have the
identical displacement, namely v*i, while their counter-
parts in the other branch all have the same displace-
ment, -v*i. All the rest of the monomers are assumed
to be left stationary. Hence we can write down the
matrix V and place it in the equation AV ) λV, which
leads to

Here the boundary conditions are set to be v*0 ) 0 and
v*g+1 ) v*g. The same recursion relation in eq B6 is
followed, but in this case different boundary conditions
need to be considered. When g < G, there are 3‚2G-g-1

pairs of branches that can be chosen, thus the number
of different choices gives rise to the 3‚2G-g-1-fold de-
generacy for each distinct λ. For g ) G, there are three
branches connected to the central core monomer; choos-
ing all three combinations of two branches would
produce three linearly dependent eigenvectors. We may
choose only two pairs, however, as the linearly inde-
pendent eigenvectors. The formal expressions of the
eigenvectors of this group are much too complicated to
list here.
At this stage, the eigenvalue problem of matrix A is

completely solved.

Appendix C: Summation in Equation 4.1
Assume that a polynomial

has n roots z1, z2, ..., zn, so that

2[sin(G + 2)ø - x2 sin(G + 1)ø] )
sin(Gø) - x2 sin(G - 1)ø (A17)

sin(G + n)ø ≈ sin Gø + nø cos Gø n ) -1, 1, 2

(A18)

z1
(G+1) ≈ 3 - 2x2 cos π/G (A19)

Minλ*0{λi} ≈ 2-(G+1) (A20)

λ1 ≈ 3 - 2x2 cos(π/G) (A21)

Vn ) Cn(v0;v1,v1,v1;...)
T (B1)

3v0 - 2v1 ) λv0 (B2)

-v0 + 3v1 - 2v2 ) λv1 (B3)

...

-vG-2 + 3vG-1 - 2vG ) λvG-1 (B4)

-vG-1 + vG ) λvG (B5)

2vn+1 - (3 - λ)vn + vn-1 ) 0 (B6)

vg ) D1(3 - λ + x1 - 6λ + λ2

4 )g +

D2(3 - λ - x1 - 6λ + λ2

4 )g (B7)

vg ) 2-g/2(2 sin(g + 1)ø - sin(g - 1)ø) (B8)

3v*1 - 2v*2 ) λv*1 (B9)

-v*1 + 3v*2 - 2v*3 ) λv*2 (B10)

...

-v*g-1 + v*g ) λv*g (B11)

∑
j)0

n

qjz
j (C1)

∑
j)0

n

qjz
j ) qn∏

j)1

n

(z - zj) (C2)
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Comparing the coefficients of both sides, we have

or

and therefore

Now for each polynomial fg(z), we need to find its
constant term and the coefficients of the z and z2 terms.
The last coefficient is required for considering the
equation fG+1(z) - fG-1(z) ) 0.
Writing

from the recursion relation eq A1, we have

with the initial conditions

These three recursion equations can be solved with the
initial conditions to yield

Using the notations of zj
(g)’s in Appendix A, we have

where g ) 1, 2, ..., G.

On the other hand, z1
(G+1), ..., zG+1

(G+1) are the roots of
the equation

or

thus

For g ) G + 1, the zi
(g)’s are nondegenerate eigenval-

ues, for g ) G, they are 2-fold degenerate, and for g <
G, they are 3‚2G-g-1-fold degenerate. Therefore, we
have

References and Notes

(1) Tomalia, D. A.; Baker, H.; Dewald, J.; Hall, M.; Kallos, G.;
Martin, S.; Roeck, J. Ryder, J.; Smith, P. Polym. J. (Tokyo)
1985, 17, 117. Tomalia, D. A.; Baker, H.; Dewald, J.; Hall,
M.; Martin, S.; Roeck, J.; Ryder, J.; Smith, P.Macromolecules
1986, 19, 2466.

(2) Tomalia, D. A.; Naylor, A. M.; Goddard, W. A., III. Angrew.
Chem., Int. Ed. Engl. 1990, 29, 138.

(3) Tomalia, D. A.; Hedstrand, D. M.; Wilson, L. R. Encyclopedia
Polymer Science and Engineering, 2nd ed.; Wiley: New York,
1990.
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